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An inverse problem of dynamics is considered, namely, to reconstruct a set of a priori unknown controls (perturbations) applied
to a non-linear dynamical system and generating an observable motion of the system. The information for the reconstruction is
obtained by approximate measurements of the changing phase states of the system; the reconstruction is carried out in real time
in the Hausdorff metric. This problem is known to be ill posed. It is proposed to solve it using constructive, physically realizable,
regularizing finite-stagzd position algorithms for the stable dynamical approximation of the unknown set. © 1997 Elsevier Science
Ltd. All rights reserved.

This paper continues the researches described in [1-5]; in its basic ideas it relies on previous results
[6-9]. Similar approaches to determining the parameters of dynamical systems, based on guaranteed
estimation methods, were considered, inter alia, in [10-13].

1. STATEMENT OF THE PROBLEM

Consider a controlled dynamical system which, over a time interval T = [tg, 8] (—ee <ty < 8 < +e0),
is described by the non-linear equation

() +A@)y(e) = Bt, y(1)u(t) + f(t), y(t) =Y, (1.1)

The system is driven by a priori unknown controls u = u(t). For each admissible control # € Z the system
has a well-defined motion, y = y(¥) = y(t; u). It is required, by observing some motion of the system
and by making approximate measurements of the changing states y(t), to determine in real time all the
controls u € £ that generate that motion. Throughout this paper, unless otherwise stated, t e T.

Let V'be a separable reflective Banach space, embedded continuously and densely in a Hilbert space
H. Identifying H with its adjoint H*, we obtain a triple of continuously and densely embedded spaces
V C H C V* (to fix our ideas, we assume that Cy| | - | |V> Cyl|- u,,.,> | |- ||w»). Let p and py be ngen
numbers such that 1 < p < p, < e, 2 < pq. Define X = L?(T; V) N LP(T; H); then X* = LY(T; V*)+LY(T;
H), where 1/p + 1/q = 1, 1/py + l/qo =1.Let W= {ye X:ye X*}, where y is the derivative of y in
the sense of the distribution space [1y1lw= 11y |lx+ ||y ]||x The definitions of function spaces that
we are using, as well as the main properties of such spaces, may be found, for example, in [14, 15]. In
particular, X and W are reflective Banach spaces and W is continuously embedded in C(T; H).

For any y, z, € W, we have the following formula of integration by parts

(y(0), 2(0)) = (y(s), 2(5)) = } ((3(1), 20)+{2(1), y(1)))dn

If y = x, this formula becomes

t
ol - Iyl = 2] (30, (D) e
where ( -, - ) is the canonical duality between V* and V; its restriction to H is the scalar product in H,

seT
For each element y, € W, the Newton—Leibniz formula holds in the space V*
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y(2)=y(s)+ [ y(t)dt

Each element y € W is strongly differentiable over T as a mapping T — V*, and the corresponding
strong derivative is identical almost everywhere in T with the derivative y.

Let {A(t) : t € T} be a family of radially continuous monotone operators from ¥ to V* such that
{A(?)v, w) is a continuous function for any fixed v, w € W, (A(£)y(t), z(t) ) is a measurable functional of
t for any fixed y, z € X, and constants C; > 0, C; € R, C; > 0 exist such that, foranyte 7, ve V

(4w, v)= Clvly - Coo JAawhy < G(lo ] +1)

Let {B(t,z) : t € T,z € H} be a family of continuous linear operators acting from a finite-dimensional
Hilbert space into H, in such a way that the mapping 7' x H 3 (t, z) — B(t, z) € L(U; H) is continuous
andforanyte T,ze H

"B(t, x)- B(t, Z)uL(U:H) = C4"x - z“H
HB(t’Z)“L(U;H) = CS(“z"” + l)

where C, and Cs are certain non-negative constants, and L(U; H) is the Banach space of continuous
linear operators from U to H with natural norm.

Letyy € H,fe X* N C(T; V*), let P be a convex bounded closed set of elements of U, and let Z be
the set of all measurable mappings T — P (this set is convex, bounded and closed in the space L'(T;
U), 1 <r < o). The set P is the set of instantaneous bounds for the admissible controls in X.

Under the assumptions just outlined concerning the parameters, the Cauchy problem (1.1) has a
unique solution in the space W. Moreover, the mapping

Hx X" x L'(T;U) 3 (3¢, f-u) = y=y(¥o, f-u) € C(T; H)

is continuous [14, Ch. 6, Section 1]. The solution y = y(u) will also be treated as the motion of the
dynamical system (1.1) over a time T in the phase space H from its initial state yo when driven by the
control u € X. Let Y = {y(x) : u € Z} be the set of all possible motions of system (1.1) from the initial
state y, (the set Y is bounded in W).

For each motion y € Y, we introduce the set of all controls

(y)={ue X:yu) =y}

which generate that motion. This set is non-empty and will generally contain more than one element;
it is always convex, bounded and closed in L'(T; U). At each particular time ¢ one can measure the state
¥(¢) of the system; the measurement result &(¢) is related to the state y(¢) by the equation

E=yn)+n@), [n@l, sk 12)

The problem is to construct an algorithm which, based on the evolution of the process (in real time)
and the results (1.2) of measurements of the changing phase states of an observable motion y € Y of
the dynamical system, will reconstruct the set Z(y) approximately (in the sense of the Hausdorff metric).
This should be done in such a way that the reconstruction is more accurate whenever the input data
are more accurate. The equation of motion and the set P are assumed known.

Let E be the set of all mappings T — V*, and let S, be a closed sphere in V, of radius A > 0, with
centre at zero, and

E,={EeZ: ) =y0)+n(), N €S}, yeY

Consider the set Conv(Z) of all non-empty convex bounded closed subsets of Z C L'(T; U); the
Hausdorff metric on this set is defined as

P(EyZy)= max{ sup inf by = w2l .9 = uf'e‘gl““l ) |Lr(r;u>}

meliupeky ue
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We say that a family (D), of operators Dj: E — Conv(X) is p-regularizing at a pointy € Y if
sup{p(D,E,Z(»)):E €, ()} =0, h>0

A solution of the problem will be sought in the class of finite-staged dynamical p-regularizing position
algorithms (FDPAs). By an FDPA we mean a triple

D=((x),: (Z)o 3 (Gi)g ) (13)

where m is a natural number, (1;)7L, is a partition of the interval Tby points ; (fp = 9 < 7; < ... <
Tn = ), Z; is a mapping T x T x V* x V* x Conv(Z[1;, 1;4+1)) = V*, G; is a mapping T x V* x V* —
Conv(Z[t, 7;+1), and Z[t;, T;44) is the set of all non-empty convex bounded closed subsets of Z[t;, 7;41)
C L' ([, Ti41); U). The performance of such algorithms in time and their dynamical realizations have
been described in detail in [1-5, 7, 8] (cf. the formation of the controlled process below). In a physical
sense, the mappings (Z;) form the motion of an auxiliary model controlled system, and the mappings
(G)), in a positional way, generate the control impulses for the model system [6].
Given an FDPA (1.3) and a function § € £, the pair of elements

(2(-),8(:)) = (z(|D,E), g(-1D,&)) € (T — V*)x Conv(Z)

formed according to the rule
2tg)=§(tp), ()= Z(tt,,z(r)é(t)g,()) T, <t<7T,, i=0,.,m-I
8O, oy = 8OV = Gi(T, (1), E(T)),” i=0,...,m—1

will be called a controlled process for the FDPA (1.3) and measurement § € E. Corresponding to each
FDPA (1.3) we have an operator D : E — Conv(Z), which we will denote, for simplicity by the same
symbol; its action is described by the rule DE = g(- | D, €). This operator will be identified with the
FDPA (1.3) itself. Qbviously, the operator has an unpredictability property: the condition §,(t) = &;(1),
tp <t <tte T implies that the restrictions to the interval [t, ] of the images D&, and DE; coincide.
Note that algorithms for reconstructing controls that have this property are important in practice, e.g.
in cases where one is concerned with a single reconstruction, when the computations cannot be repeated,
or when the results of the reconstruction are being used in feedback systems.

Thus, to solve the reconstruction problem, it will suffice to construct a p-regularizing family of FDPAs.
We shall outline some possible constructions of this sort below.

2. CONSTRUCTION OF A REGULARIZING FAMILY OF ALGORITHMS
We will first introduce a few auxiliary notions and notations. For fixedy € Y, we define a multi-valued
mapping
QCly):T ot - Q(tly) € Conv(P)

by the rule
Q(tly)={w e P:y(t)+ A()y(t) = B(t, y(t))w + f(1)}

ify is differentiable at ¢ and this set is non-empty; otherwise, Q(t |y) = P. Clearly, Z(y) = sel Q(- | y),
where selQ (- | y) is the set of all measurable selectors of the multivalued mapping O(- | ), Q(- |y) €
M(T; P), where M(T; P) is the space of all measurable, bounded (hence also integrable), multivalued
mappings T — Conv(P). For Q € M(T; P), we define

o, UD) =min{{/,w),;:weQ()}, leE

where E is the closed unit sphere in U with centre at zero (that is, @(t, - | Q) is a lower support functional
for the convex compact set O(t)).

Note that for each Q € M(T; P) one has ¢(-, -|Q) € B, where B is the Banach space of Carathéodory
functions @:T x E — R with the natural norm
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foll, =£ "‘P("')HC(E)dt
We now define a new metric ¢ in M(T; P) by
0(Q1,2,) =[eC10) - 0(,10,)|,,
It can be shown that if 6(Q,, @) — 0, then also p(sel Q,, sel @) — 0. Hence it follows that in order
to solve the reconstruction problem we need only construct a family (A),>¢ of non-predicting p-
regularizing operators A,: E — M(T; P), that is ,

sup{o(ALE, Q(1y)):EeE, (20, h—0
Then (Dy)y, > 0, Di& = sel A€ will be a p-regularizing family of non-predicting operators.

Such operators A, in turn, may be sought in the class of finite-staged dynamical position algorithms
with multi-valued piecewise-constant realizations of the controls (FDPAMs)

A= () (2 ) (60 @1

where Z% is a mapping T x T x V* x V* x Conv(P) - V* and G% is a mapping T x V* x V* —
Conv(P). A controlled process for the FDPAM (2.1) and a function € £ is defined as a pair of functions
onT

(2(:,Q()) = (z(1D,§),0(1D,§)) € (T — V" )x (T = Conv(P))
formed by the rule
Z(‘O) = g(to)’ Z(t) = Z;(t’Ti’Z("i)’é(T"),Qi(.))’ T,‘ <t=s ti+l’ l = 0,....m - l
0()=0:(1) =G, (t;,2(%;).E(1,)), 1,<t<71,,,, i=0,..,m-1
The algorithm (2.1) and the corresponding operator A : E 3 & — AE = Q(-) € M(T; P), as mentioned
previously, will be identified. Clearly, any such operator has the unpredictability property. We will now
construct suitable families of FDPAMs.
Condition 1. A function (-, - ) : [0, o) X [0, o) — [0, <) exists such that &(3, ) — 0 as §, # — 0 and

A1)+ B(t, y(2))w + f(£) = A(s)(¥(s)+M) = B(s, y(s)+ Mw - f(s)]

v < (8, h)

foranyt,se T, |t-s|<d,yeY,ne S,we P.
Define a family of FDPAMs as follows:

_ m(h)_ (o \MOBY=1_ (o \m(h)-]
A=) s () )y ) @2)
Z(t,5.2,x,Fy=x, t,5s€T, z,xeV', FeConv(P)

Gi(t.z,x)=

xX—=2

= {w &P~ + ATy )z - B(Ty_y, )W — f(‘t,"-__,)l < w(8,h)+2hC, / 5}
hi — “hi-1 .

|4

for t € [ty;, Ty + 1), 2, x € V*; otherwise, Gi(t, 2, x) = P.
Let 8(h) be the diameter of the partition of 7, i.e.

8(h)=max{tu+l _thi ' i=0,...,"l(h)-]}

Theorem. Assume that condition 1 is satisfied and in addition 8(k) — 0, #/3(h) — 0 as A — 0. Then
(2.2) is a o-regularizing family of FDPAMs at every pointy € Y.
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Proof. Lety € Y. Fix an arbitrary sequence {h;}, k; > 0, i; — 0, and consider an arbitrary controllable
process (z(-), Qk(-)) corresponding to the FDPAM (2.2) with § = & € E,(y), b = h;. It is required
to show that 6(Qx(-), O(- |¥)) > 0 as k — oo.

Suppose that this convergence fails to hold. Then, by the definition of ¢

I o100 - 9t At 0
Fix an arbitrary € > 0 and choose some finite e-net {/, .. ., [,} for E. Then
sup it Y-, <e @3)

Without loss of generality, we may assume, extracting a subsequence if necessary, that for everyj
{1,...,n}

(- Q) = @*(, ) weakly in LXT; R)

where @*(-, [j) isa functlon in L¥(T; R). By the properties of lower support functions, it can be shown
that for everyj e {1, .

o*t, ) = o(t, ;| Q) for almost everyte T
It follows from the definition of a controlled process that, for any 4 € Z(y) and any subscript k
8}, €Q (1), i=L...m(h)=1, h=h,
where [y], is the value of the integral of y over the interval 1, y, Ty; |, # = h, divided by the length of

the interval.
The above inclusion relations imply the inequalities

‘P("hi»[,'le ) = [(u(-),lj )U ]i’ h="h,
A unigue function v; € £(y) exists such that
(v(x), | )y = (v, [;| Q) for almost everyte T

For u = v; we get

oftu-42:) < [cp(-,zjlg)]i, oftwbje)<[o°(5)]. h=h
Weak convergence and the inequalities just proved imply that
(- §1Qx) = 9*(- [) strongly in LXT; R) 24)
We have ¢*(-, ) = o(-, ;| Q).
Indeed, otherwise it would follow that (all integrations are over the interval I')

f oftt;jQ)er < fo cr.1;)ar

On the other hand
f oftfou )= oftfo)a. 1 ofutfou)i oo, o

Therefore

§ ofr.t;|o)dr = 9" (1.1; e

contrary to our assumption.
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Using (2.3), we obtain the inequality
H‘P(‘»‘le )- (s, "Q)"C(E) < max I(P(t, l]-IQk ) - (p(t, li|Q)l+ £ L

I<j=n

where L is some positive constant independent of k, f and j. By (2.4) and the fact that € is arbitrary, we
have

contrary to our initial assumption. Thus, 6(Qi(- ), Q(-|y)) = 0 as k — . This proves the theorem.

Remarks. 1. Concerning classes of partial differential equations that can be represented as system (1.1) in the
functional-analytic formulation see, e.g. [14, 15].

2. Condition 1 is satisfied for problems in which the family of operators {4{t}: r € T} satisfies the additional
condition of equicontinuity in some neighbourhood of the set of all states of system (1.1).

3. If U is an infinite-dimensional separable Hilbert space, then U can be equipped with a new scalar product,
relative to whose norm the sphere E is compact [16). Then the scheme of the above arguments (with the new scalar
product and norm on U) can be extended without change to this infinite-dimensional case.

4. In practice, if the entire set of controls generating an observable motion has been determined, it is frequently
convenient to take the Chebyshev centre of the set or an element of minimum norm as the solution of the
reconstruction problem. It can be shown that the conditions of the problem considered above, converge of the
sets in the Hausdorff metric implies convergence of their Chebyshev centres and elements of minimum norm {17].

5. A different method for the dynamical reconstruction of the set of controls generating an observable motion
was described in [3].
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